Introduction.
Let λ be a nontrivial additive character of the finite field F q , χ a multiplicative character of F q , and let r be a positive integer. Throughout this paper, we assume that q is a power of an odd prime. Then we consider the exponential sum The main purpose of this paper is to find explicit expressions for the sums (1.1) and (1.2) . It turns out that (1.1) is a polynomial in q times (1.3)
plus another polynomial in q involving certain exponential sums (cf. (2.14), (2.15) ). We mention in passing that, in [14] , we gave O-estimates for two kinds of new exponential sums which include the above ones. On the other hand, the expression for (1.2) is that for (1. In [9] , the sums in (1.1) and (1.2) were studied for r = 1 and the connection of the sum in (1.2) for χ trivial with Hodges' generalized Kloosterman sum over nonsingular symmetric matrices was also investigated ( [5] , [6] ). As the sum in (1.3) vanishes for r = 1, the polynomials involving (1.3) do not appear in that case. For r = 1, similar sums for other classical groups over a finite field had been considered ( [7] - [12] , [15] , [16] ).
The sums in (1.1) and (1.2) may be viewed as generalizations to O − (2n, q) and SO − (2n, q) of the sum in (1.3) which was studied by several authors ( [1] - [3] ).
Another purpose of this paper is to find formulas for the number of elements w in O − (2n, q) and SO − (2n, q) with (tr w) r = β, for each β ∈ F q . We derive them from (5.2) based on a well known principle, though they could also be obtained from the expressions for (1.1) and (1.2) by specializing them to r = q − 1 and r = 1.
We now state the main results of this paper. The reader is referred to the next section for some notations here, to (4.34)-(4.39) for X n , X n , Y n , Y n , Z n , Z n (cf. (2.14), (2.15)), and to the Remark just before Theorem 5.
where we understand that
Theorem C. For each β ∈ F q and each positive integer r, the number
where N (y r = β) denotes the number of y in F q with y r = β.
The above Theorems A, B and C are respectively stated below as Theorems 4.1, 4.2 and 5.1.
Preliminaries.
In this section, we will fix some notations and collect from [9] some facts that will be used in what follows. Also, we refer to [4] and [17] for some elementary facts of the following.
Let F q denote the finite field with q elements, q = p
In the following, tr A and det A denote respectively the trace of A and the determinant of A for a square matrix A, and t B denotes the transpose of B for any matrix B.
Let GL(n, q) denote the group of all invertible n×n matrices with entries in F q . The order of GL(n, q) equals
Throughout this paper, we let ε denote a fixed element in
If we let i run over O − (2, q) in (2.6), we get the maximal parabolic subgroup
is a subgroup of index 2 in P(2n, q).
In [9] , it was noted that, starting from the Bruhat decomposition
one can obtain the following decompositions:
From (3.12) and (3.21) of [9] (cf. (2.17)), we have
Let λ be a nontrivial additive character of F q , a, b ∈ F q , and let r be a positive integer. Then the exponential sum
for m ≥ 1, and
Note that, in the special case of r = 1,
where K(λ; a, b) is the usual Kloosterman sum given by
).
For integers n, b with 0 ≤ b ≤ n, the q-binomial coefficients are defined by
Then, from the q-binomial theorem (cf. [13, (2. 18)]), one obtains (2.18)
Finally, [y] denotes the greatest integer ≤ y, for a real number y.
Some propositions.
In this section, we will consider two propositions which will be of use in the next section. The first one is about the Gauss sum over SO − (2, q), which is a restatement of Proposition 4.5 of [9] with one minor modification and shows it is the negative of the usual Kloosterman sum. This improvement was observed by Prof. D. Wan to whom I wish to thank.
The second proposition is a generalization of Proposition 4.2 of [9] .
Proposition 3.1. Let λ be a nontrivial additive character of F q . Then
where K(λ; 1, 1) is the ordinary Kloosterman sum as in (2.16) , and δ 1 is as in (2.7).
Proof. In view of [9, Proposition 4.5], we only need to see that, for a multiplicative character ψ of F q of order q − 1,
is the usual Gauss sum. However, this follows from a simple change of order of summation and (5.13) of [17] . 
where s b is the number of all b × b nonsingular symmetric matrices over F q , δ ε is as in (2.7), and
Remark. The independence of a b from λ is clear from its definition or the expressions of it in the above.
Proof of Proposition 3.2. Put, for each
since, as was noted above, the sum over B, h is independent of β ∈ F × q . This shows (3.5) from which (3.6) follows by interchanging the order of summation in the second term of (3.5).
Main theorems.
In this section, we first consider the sum in (1.1)
for any nontrivial additive character λ of F q and any positive integer r, and find an explicit expression for this by using the decomposition in (2.8).
The sum in (1.1) can be written, using (2.8), as
where B b = B b (q), Q = Q(2n, q), , σ b are respectively as in (2.10), (2.6), (2.12), (2.11). Here one has to observe that, for each u ∈ Q, . . .
Before we move on, we recall from [9] the following with one correction. Put (4.8)
Then the first condition in (4.2) is equivalent to
In particular, for each given h 1 , (4.10)
Similarly, for each given h 2 ,
Also, using the relations in (4.9), one shows that
Here we remark that in [9, p. 359] we neglected to put 1 2 (h 1i h 1j −εh 2i h 2j ) for the expression of tr A 11 B 11 in (4.12). However, the rest of the computations there goes through without any change.
The first sum in (4.7), by (4.11), is 
we see that the inner sum of (4.13) equals (4.14)
Combining (4.13) and (4.14), and using (4.10) and (2.5) with n = 1, we see that the first sum in (4.7) equals (4.15) (q + 1)q
The subsum of (4. 
where s b denotes the number of all b × b nonsingular symmetric matrices over F q for each positive integer b. ).
From the explicit expression of (4.24) in [8, (4.19) ], (4.23) can be written as
where the unspecified sum runs over all integers
and it is 1 for l = 1 by our convention.
As was noted in [13, (5. 3)], for γ ∈ F q and m a nonnegative integer, we have (4.27)
where, for m ≥ 1, 
where both the unspecified sums run over the same set of integers as in 
where both the unspecified sums are as in (4.31) above. One can check that, even for b = 0 and b = n − 1, the sum in (4.3) is given by the same expression as in (4.32) with the convention a 0 = 1. Here the details are left to the reader. Also, observe that a 0 = 1 is natural in view of the formula in (3.7) .
The sum in (4.5) can be treated, first considering the cases 1 ≤ b ≤ n − 2 and then the extreme cases b = 0 and b = n − 1, just as that in (4.3). Here we only note that tr δ 1 i = 0 in (4.6) and hence the sum there is
The sum in (4.5) is given by
where both the unspecified sums run over the same set of integers as in (4.26) and they are 1 for l = 1. To express our final results as neatly as possible, we will introduce the following notations. Here one is referred to (2.13), (2.18), and (3.7). In the following, we observe that X n , X n are independent of λ, while the rest do depend on it. Put
In the above, all the unspecified sums appearing in X n , Y n , and Z n run over the set of integers j 1 , . . . , j l−1 satisfying 2l is given by
where
, and Z n = Z n (q, λ) are respectively as in (4.34), (4.35), (4.37), and (4.38).
Remark. As is well known [17, Theorem 5 .30],
where ψ is a multiplicative character of F q of order e = (r, q−1) and G(ψ j , λ) is the usual Gauss sum given by
Let χ be a multiplicative character of F q , λ a nontrivial additive character of F q , and let r be any positive integer. We next want to consider the sum in (1.2)
and to find an explicit expression for it.
From the decompositions in (2.8) and (2.9), we see that the above sum is w∈SO − (2n,q) λ((tr w) r ) plus We now obtain the following expression for (4.41) from (2.13), (2.18), (4.32)-(4.36), and (4.39):
Adding up (4.40) and (4.42) and considering χ(−1) = 1 and χ(−1) = −1 separately, we get the following result. 
is given by
are respectively given by (4.34)-(4.39).
Application to certain countings.
If G(q) is one of finite classical groups over F q , then, for each β ∈ F q and each positive integer r, we put
As applications of the results in Section 4, we derive formulas for (5.1) with G(q) = O − (2n, q) and SO − (2n, q). First, we recall the necessary things from [14] .
For a nontrivial additive character λ of F q , a nonnegative integer m, and with β, r as above, we have where ψ is any multiplicative character of F q of order e = (r, q − 1).
